Abstract : In this paper, to reduce the computation time for solving the finite-time optimal control problem (i.e., the model predictive control (MPC) problem), an approximate model of switched linear systems is proposed. A switched linear system is one of the typical subclasses of hybrid systems, and has several applications such as networked control systems. First, an approximation of the state variable in switched linear systems is derived. Next, using auxiliary binary and continuous variables, an approximate model given by a mixed logical dynamical system model is derived. Using this approximate model, the dimension of the auxiliary continuous variable can be reduced. As a result, the online computation time in MPC can decrease. Finally, the effectiveness of the proposed method is presented by a numerical example.
Introduction
Hybrid systems that have continuous states/inputs and discrete states/inputs have been actively studied in the fields of both control theory and theoretical computer science. In particular, a switched linear system in which a subsystem given by a linear system is switched is well known as one of the subclasses of hybrid systems (see, e.g., [1] ). A switched linear system is frequently used as a model of networked control systems [2] . In control of hybrid systems including switched linear systems, model predictive control (MPC) is well known as one of the typical control methods. MPC is a control method that the control input is generated by solving the finite-time optimal control problem at each discrete time. Even if a hybrid system is restricted to a switched linear system, implementation of MPC is frequently difficult. The finite-time optimal control problem of hybrid systems is reduced to a a mixed integer quadratic programming (MIQP) problem. When a target hybrid system has continuous and discrete variables with high dimension, the computation time for solving an MIQP problem becomes longer.
For hybrid systems with many discrete (binary) variables, the method for eliminating redundant binary variables has been proposed in [3] . Using this method, reduction of the computation time is achieved. On the other hand, for dynamical systems with high dimensional continuous states, model reduction techniques are well known as one of the powerful methods (see, e.g., [4] , [5] ). In model reduction of switched linear systems, some results have been obtained so far (see, e.g., [6] - [8] ). However, in the existing methods, there are several issues (e.g., (i) a time sequence of the mode is given in advance, and (ii) the reduced dimension of the state is the same for each subsystem).
In this paper, based on the MLD (mixed logical dynamical) framework [9] , a new method of model reduction for discretetime switched linear systems is proposed. In the proposed method, we focus on reducing the dimension of the auxiliary continuous variable. As a result, we achieve reduction of the computation time for solving the MIQP problem. In addition, there are the advantages in the proposed approximate model as follows: (i) it is not necessary to give a time sequence of the mode in advance, (ii) the coordinate and dimension of the state variable are not changed, (Note that the state variable is not included in decision variables of the MIQP problem.) From (i), we see that the proposed approximate model can be applied to the finite-time optimal control problem. From (ii), we see that it is not necessary to change the formulation of the finite-time optimal control problem. Thus, the proposed approximate model is appropriate for MPC. This paper is organized as follows. In Section 2, the optimal control problem of switched linear systems is summarized. In Section 3, an approximate MLD model for switched linear systems is proposed. In Section 4, we show the effectiveness of the proposed method by using a numerical example. In Section 5, we conclude this paper.
Notation: Let R denote the set of real numbers. Let {0, 1} n denote the set of n-dimensional vectors, which consists of elements 0 and 1. Let I n and 0 m×n denote the n × n identity matrix and the m × n zero matrix, respectively.
Optimal Control Problem of Switched Linear Systems
Consider the following discrete-time switched linear system:
where
. . , M} is the mode, and k ∈ {0, 1, 2, . . . } is discrete time. The sets X and U are given closed and convex sets, and express constraints.
For the switched linear system (1), the finite-time optimal control problem is formulated as follows.
Problem 1
For the system (1), suppose the initial state x(0) = x 0 and the initial mode α(0) = α 0 are given. Then, find a control input sequence minimizing the cost function
where Q ≥ 0 and R > 0.
We can rewrite this problem to the MIQP problem by expressing the switched linear system (1) as an MLD system model [9] . Hereafter, the method to transform the discretetime switched linear system into the MLD system model is explained.
First, we introduce a binary variable
, the discrete-time switched linear system (1) can be rewritten as
n . Then, according to the MLD framework, the above expression can be further rewritten as
where g max := max x∈X,u∈U Ax + Bu and g min := min x∈X,u∈U Ax + Bu. Thus, we can obtain the following MLD system model
Coefficient matrices can be obtained from (3)-(5).
In the MLD system model, there exist auxiliary binary/continuous variables. In order to decrease the computation time for solving the optimal control problem (see Problem 1), it is important to decrease the number of these variables. From the viewpoint of decreasing the number of binary variables, one of the authors has proposed in [3] a modeling method of discrete dynamics. In this paper, we focus on decreasing the number of continuous variables.
We remark here that when Problem 1 is rewritten as an MIQP problem, the state x(k) in the MLD system model can be eliminated. The decision variables in the MIQP problem are u(k), z(k), and δ(k) (k = 0, 1, . . . , N−1). Hence, we focus on auxiliary variables.
Approximate MLD System Model
In order to obtain an approximate MLD system model expressing the switched linear system (1), for each subsystem of the system (1), balanced truncation [5] is applied (see Appendix A for details of balanced truncation) 1 . However, a coordinate transformation in balanced truncation is different for each mode. Therefore, it is impossible to simply use the reduced state at time k for the subsystem at time k + 1.
The number of continuous decision variables in the MIQP problem depends on the number of auxiliary continuous variables of the MLD system model. Hence, the computation time to solve an MIQP problem may be decreased by reducing the number of auxiliary continuous variables in the MLD system model. In this section, we derive an approximate MLD system model of the discrete-time switched linear system (1) by approximately representing the next state of the system (1) as a sum of the reduced-order auxiliary variables.
Approximation of the State Variable
The reduced-order state of discrete-time switched linear system (1) at time k is defined bŷ
where the dimension ofx α(k) (k) is r α(k) (r α(k) < n) and T α(k) ∈ R n×n is the projection matrix in the coordinate transformation of the state. The matrix T α(k) can be obtained by using balanced truncation for each subsystem of the system (1) (see also Appendix). From the definition (6),x α(k) (k) can be obtained by using the projection matrix corresponding to the mode α(k). Note that the dimension of the reduced model r α(k) may be different for each mode.
From (1) and (6), we obtain the reduced-order state variable at time k + 1 as follows:
On the other hand, the approximate state variable of the fullorder model at time k can be obtained by filling the truncated state with a zero vector. That is, we can obtain
From (7) and (8), we can obtain the approximate state variable with the full-order n at time k + 1
According to the MLD framework [9] , the approximate model of the system (1) can be expressed by the MLD system model with the reduced-order auxiliary variablex α(k+1) (k + 1). However, in computation ofx α(k+1) (k + 1), both α(k) and α(k + 1) are needed. Therefore, it is impossible to obtain the approximate MLD system model by using only a binary variable corresponding to the mode.
Auxiliary Binary Variables
To overcome the above issue, we define two types of binary variables. One of them has been already defined in Section 2. That is, δ i (k) is assigned to the mode of the system (1). The other one is assigned to the mode transition from the mode i to the mode j, that is, we define the binary variable γ l (k) as follows:
where l = 1, 2, . . . , L, and L is the number of the mode transitions. The mode transitions are constrained by a certain directed graph (see e.g., [3] ). In many cases, L (i.e., the number of arcs in the directed graph) is smaller than M 2 . Equation (10) can be expressed as the following linear inequalities [10] 
For each l, the mode i at time k and the mode j at time k + 1 are assigned. Hereafter, the modes at time k and k + 1 are denoted by i(l) and j(l), respectively.
Auxiliary Continuous Variables
Using γ l (k), (9) can be rewritten as
Then, by defining the auxiliary variable aŝ
(12) can be expressed as an MLD system model. Note that from the inequality conditions (11), γ l (k) can be uniquely determined by giving δ j (k + 1). In this sense, γ l (k) is not an independent decision variable. Hence, the influence of adding γ l (k) for the computation time is small.
Discussion on the Dimension of Decision Variables in the MLD System Model
Finally, we discuss the dimensions of decision variables in the MLD system model. In the conventional MLD system model expressing the switched linear system (1), the dimension of the auxiliary continuous variable is given by Mn. In the proposed method, the dimension of the auxiliary continuous variable is given by L l=1 r j(l) . Hence, in the case of L l=1 r j(l) < Mn, the dimension of the auxiliary continuous variable can decrease. Since the auxiliary continuous variable is a decision variable in the MIQP problem, the computation time of the MIQP problem can also decrease.
Numerical Example
We present a numerical example. Consider the discrete-time switched linear system with three modes. Each subsystem has eight states and single input (details are omitted). Suppose that mode transition constraints are given by the directed graph with the following adjacency matrix Φ: Next, we present the computation result. Figure 1 shows the time response of the state in the case of using the conventional MLD system model. The optimal value of the cost function in Problem 1 was 477.32. The computation time for solving Problem 1 was 2.42 seconds, where we used the computer with CPU: Intel Core i7-4770K processor, Memory: 32GB, and used IBM ILOG CPLEX Optimizer 12.6.2 as an MIQP solver. Figure 2 shows the time response of the state in the case of using the approximate MLD system model. The value of the cost function in Problem 1 was 499.87. The computation time for solving Problem 1 was 1.41 seconds.
From these results, we see that in the case of using the proposed approximate model, the degradation of the value of the cost function is about 4.7 %. From this result, we see that the degradation of control performance is small using an appropriate model reduction of subsystems. On the other hand, the computation time for solving Problem 1 is improved. Thus, the computation time can be decreased by allowing a small degradation of the value of the cost function.
Conclusion
We proposed the approximate MLD system model expressing a switched linear system to reduce the computation time for solving the finite-time optimal control problem. In the proposed method, we focused on the reduction of the auxiliary continuous variable. This is different to the conventional model reduction method. The effectiveness of the proposed method was presented by a numerical example.
One of the future efforts is to derive quantitative evaluations of the approximation error (8) (or (9)). In the balanced truncation method, the approximation error can be evaluated by the H ∞ norm of the error system (see also Appendix A). In a similar way, the approximation error of (8) (or (9)) can be evaluated by using the H ∞ norm of error systems for all combinations of α(k) and α(k + 1). However, in MPC, this bound is redundant, because we must consider the approximation error in the finite time interval. In addition, it is also important to evaluate the approximation error based on the the cost function. Moreover, it is important to develop a model reduction method, which is compatible with MPC. Such topic has been studied in e.g., [11] . It is also important to apply the proposed method to practical large-scale systems.
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